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Summary. We prove a general theorem that the Lp(R d ; K 1 ) ® L 2 p (R d ;R d ) valued 
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exists, gives the stationary solution of the corresponding stochastic partial differen- 
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valued solutions for backward doubly stochastic differential equations on finite and 
infinite horizon with linear growth without assuming Lipschitz conditions, but un- 
der the monotonicity condition. Therefore the solution of finite horizon problem 
gives the solution of the initial value problem of the corresponding stochastic par- 
tial differential equations, and the solution of the infinite horizon problem gives the 
stationary solution of the SPDEs according to our general result. 
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1 Introduction, Basic Notation and Main Results 

The notion of the pathwise stationary solutions for stochastic partial differ- 
ential equations (SPDEs) is a fundamental concept in the study of the long 
time behaviour of the stochastic dynamical systems driven by the SPDEs. It 
describes the pathwise invariance of the stationary solution, over time, along 
the measurable and P-preserving transformation 8 t : J? — > fl and the path- 
wise limit of the solutions of the random dynamical systems. It is a random 
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fixed point Y(uj) in the state space of the random dynamical system, in the 
sense that the solution v(t, Y(u>),u>) of the SPDE with the initial value Y(u) 
is equal to Y(8 t ui), which is still Y, but with a different sample path 9 t ui. 
Therefore Y(6t0j) is a particular solution of the SPDE with the pathwise sta- 
tionary property. Needless to say that the "one-force, one-solution" setting is 
a natural extension of the equilibrium or fixed point in the theory of the deter- 
ministic dynamical systems to stochastic counterparts. Such a random fixed 
point consists of infinitely many randomly moving invariant surfaces on the 
configuration space due to the random external force pumped to the system 
constantly. The study of its existence and stability is of great interests in both 
mathematics and physics. We would like to point out that the existence of sta- 
tionary solutions is a basic assumption in many works on random dynamical 
systems e.g. in the study of stability (Has'minskii [H]), and in the theory of 
stable and unstable manifolds (Arnold [T], Mohammed, Zhang and Zhao [17] , 
Duan, Lu and Schmalfuss [3]). But these theories give neither the existence 
of stationary solutions, nor a way of finding them. However, in contrast to 
the deterministic dynamical systems, the existence of stationary solutions of 
random dynamical systems is a more difficult and subtle problem. It is easy 
to see that the solutions of elliptic type partial differential equations give the 
stationary solutions of the corresponding parabolic type partial differential 
equations, though the elliptic partial differential equations are difficult prob- 
lems to study as well. However, for stochastic partial differential equations 
of the parabolic type, such kind of connection does not exist. In [17] , Mo- 
hammed, Zhang and Zhao introduced an integral equation of infinite horizon 
for the stationary solutions of certain stochastic evolution equations. But the 
existence of the solutions of such stochastic integral equations in general is 
far from clear. In [25j , Zhang and Zhao proved that the solution of an infinite 
horizon backward doubly stochastic differential equation (BDSDE), if exists, 
is a perfect stationary solution. Moreover, under the Lipschitz and monotone 
conditions, the solution indeed exists and gives the stationary solution of the 
corresponding SPDEs of the parabolic type. It was known that the solutions 
of infinite horizon backward stochastic differential equations (BSDEs) give 
a classical or viscosity solution of elliptic type partial differential equations 
(Poisson equations) from the works of Peng [21] and Pardoux [18] . So philo- 
sophically, it is very natural to represent the stationary solutions of SPDEs as 
the solutions of the infinite horizon BDSDEs, like the case of the Poisson equa- 
tions as the solutions of the infinite horizon backward stochastic differential 
equations. Other works on stationary solutions of certain types of SPDEs usu- 
ally under additive or linear noise include Sinai [23], [24], Caraballo, Kloeden, 
Schmalfuss [7J. 
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In this paper, we will put above idea on infinite horizon BDSDEs in a gen- 
eral setting and prove a general theorem which basically says, if the infinite 
horizon BDSDE has a unique solution in the space S 2 ~ K f] M 2 >~ K ([0, oo);L 2 
(R^K 1 ))® M 2 '- K ([0,oo);L 2 p (R d ;R d )) for a K > 0, and the finite horizon 
BDSDE gives the representation for the solution of the corresponding SPDE, 
then, the solution of the infinite horizon BDSDE gives the stationary solu- 
tion of the corresponding SPDE. Following this result, to study the existence 
of stationary solutions of SPDEs is transformed to study the existence and 
uniqueness of the solutions of the corresponding infinite horizon BDSDEs. In 
[25], we studied such equations when the nonlinear coefficients are assumed 
to be Lipschitz continuous. In this paper, we continue our work [25] to study 
the weak solution (in the weighted Sobolev space Hp(R d ; R 1 ) space) of the 
following parabolic SPDE without assuming the Lipschitz continuity of / on 
v: 

dv(t,x) = [3?v(t,x) +f(x,v(t, x), a* {x )Dv{t,x))]dt 

+g(x, v(t, x), a* (x )Dv(t,x))dB t . (1.1) 

Here B is a two-sided cylindrical Brownian motion valued on a separable 
Hilbert space Uq in a probability space (J?, J?, P); Jz? is the infinitesimal gen- 
erator of a diffusion process X l s ' x (the solution of Eq. (jl.5p ) given by 

y =2£^S*- + »Ws (L2) 

with (aij (x) ) — era* (x) ; L 2 (R d ; R 1 ) is the Hilbert space with the inner product 

(1/1,1*2) = / ui(x)v,2(x)p~ 1 (x)dx, 

i.e. a p- weighted L 2 space, where p(x) = (1 + \x\) q , q > 3, is a weight function. 
It is easy to see that p(x) : M. d — > IR 1 is a continuous positive function 
satisfying J Rd \x\ p p~ 1 (x)dx < oo for any p 6 (2,q — 1). Note that we can 
consider more general p which satisfies the above condition and conditions in 
[3] and all the results of this paper still hold. The SPDEs we study in this 
paper are very general with the noise term g being allowed to be nonlinear 
in v and Vt> . However, many techniques of 25J when / is Lipschitz do not 
work here. Although we can follow a similar procedure, as in |25| . to consider 
first the finite horizon BDSDEs, then to make the connection with the weak 
solutions of the corresponding SPDEs and to find a Cauchy sequence to pass 
the terminal time of BDSDEs to infinity, we have to introduce new techniques 
to deal with the difficulties arising from the lack of the Lipschitz continuity 
of / on y. 
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Define u(t,x) = v(T — t,x) for arbitrary T and < t < T. We can show 
that u satisfies the following backward SPDE: 

du(t, x) + [Sfu(t,x) + f(x,u(t,x), (a*X7u)(t 7 x))]dt 

-g(x,u(t,x),(a*Vu)(t,x))d^B t = (1.3) 
u(T, x) = v(0, x). 

Here Jzf is given by (|1.2[) and B s = Bt- s ~ Bt- Let TV denote the class of 
P-null sets of JF. We define 

&t,T = V V for < t < T; 
^ = ^iV^V^ for t > 0. 
Recall Definitions 2.1 and 2.2 in [25]: 

Definition 1.1 Let S be a Hilbert space with norm || • ||g and Borel a -field 
y. For K 6 M+ ; we denote by M 2 '~ K ([0, oo); S) tfie set of <8> J?/^ 
measurable random processes {</>(s)} s >o w«tt values in § satisfying 

(i) 4>{s) : J? — > § is J^" s measurable for s > 0; 

(ii) E\J~ e-K'WWWlds] <oo. 

^4/so we denote by S 2, ~ K ([0, oo); S) t/ie sei of^§^+®^/y measurable random 
processes {ip(s)} s >o with values in § satisfying 

(i) ip(s) : Q — ► § is ^ s measurable for s > and ^(-, w) is continuous P-a.s.; 
(ii) E[sup s > e- Ks \\ip(s)\\l] < oo. 

Definition 1.2 Lei § oe a Hilbert space with norm \\ ■ ||§ and Borel a-field 
y . We denote by M 2 '°([i,T];§) f/ie set o/^[ tjT] ®&jy measurable random 
processes {4>(s)}t< s <T with values in § satisfying 

(i) <t>(s) : J? — > § is V '^t oo rneasurable for t < s < T ; 

(ii) E\fi U(s)\\lds] < oo. 

v4/so we denote by S ' ([t, T]; S) f/ie set of Mux] ®^jy measurable random 
processes {ip(s)}t< s <T with values in § satisfying 

(i) ip(s) : Q — > § is ^tV^too measurable for t < s < T and tp(-,u) is 

continuous P-a.s.; 
(it) E[snp t<s<T 



Recall also the weak solution of the SPDE (|1.3[) as follows for the conve- 
nience of the reader. 
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Definition 1.3 A process u is called a weak solution {solution in L^(M. d ; R 1 )) 



ofEq.[]J$) if(u,a*Vu) £ M 2 <°([0,T}]Ll(R d ;R 1 ))<g,M 2 ' ([0,Ty,L 2 p (R d -,R d )) 
and for an arbitrary ip G (R^R 1 ) , 



u(t, x)(p(x)dx — / u(T, x)ip(x)dx 



T 

(a* Vu)(s, x)(a*\7ip)(x)dxds 



u(s, x)div((b — A)ip) [x)dxds 
f(x, u(s, x), (fi*Vu)(s, x))ip(x)dxds (1-4) 



a.s. 



— 2 / / Sj '(^j u ( s 7 x ), (c* Vu)(s, x))ip(x)dxa i $j(s) P 

f^[Jt JR d 

Here A s 4 I ^ and A = i 2 , • • •, A d f . 

Remark 1.4 TTie weak solution of the forward SPDE U.l\) can be defined 
similarly. Sometimes in this paper, we denote it by v(t,Vo)(-) to emphasize its 
dependence on its initial value vo. 

For k > 0, we denote by Cf b the set of C fc -functions whose partial derivatives 
of order less than or equal to k are bounded and by the p-weighted Sobolev 
space (See e.g. [5]). In order to connect BDSDEs with SPDEs, the form of 
BDSDEs should be a kind of FBDSDEs (forward and backward doubly SDEs). 
So we first let X*'* be a diffusion process given by the solution of the following 
forward SDE for s > t, 

Xl' x = x+[ b(X t u x )du+ f a{X l u x )dW u , (1.5) 



where b 6 Cf b (R d ; R d ), a <G Cf >b (R d ;M. d x R d ), and for < s < t, we regulate 
X l s ' x = x. We now construct the measurable metric dynamical system through 
defining a measurable and measure-preserving shift. Let 8t : SI — > SI, t > 0, 
be a measurable mapping on (fl,& ,P), defined by 

6 t oB s = B s+t - B t , e t oW s = W s+t -W t . 

Then for any s, t > 0, 

(i) p ■ e; 1 = p- 

(ii) do = Ij where / is the identity transformation on Q; 

(iii) 6 S o9 t = 9 s+t . 
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For any r > 0, s > t, x G R d , apply 6> r to SDE (JOJ), then we have 

iol^^l^ 1 for all r,s,t, a; a.s. (1.6) 

The following lemma in |25j is an extension of the equivalence of norm 
principle given in [T5], 0], [3] to the cases when ip and \P are random. 

Lemma 1.5 (generalized equivalence of norm principle '251) Let p be the 
weight function and X be the diffusion process given above. If s G [t,T], 
ip : fl x R d -> R 1 is independent of and ^p" 1 € L x (fl ® R d ), then there 
exist two constants c > and C > such that 

cE[ [ \ip{x)\p- l (x)dx] <E[( \(p(X t s ' x )\p- 1 (x)dx] < CE[ [ \<p(x)\p-\x)dx] 



Moreover if ^ : fl x [t,T] x R d — > R 1 , !?(«,•) is independent of ano 
Vp- 1 G i 1 ^ (g> [t,T] <g> R d ), t/ien 



cE[/ / \y{s,x)\p- 1 {x)dxds]<E[( [ \^(s,X t s ' x )\p- 1 (x)dxds] 
Jt Js. d Jt Jm d 

<CE[[ [ \W(s,x)\p- 1 (x)dxds]. 

Jt JR d 

We consider the following infinite horizon BDSDE: 

/oo />oo 
e- Kr f{X t r ' x ,Yt> x ,Z t r > x )dr + J Ke~ Kr Y^ x dr (1.7) 



e 



- Kr g(Xl.' x ,Y;' x ,Z t r ' x )cftB r - / e- Kr (^,dl^ r ). 



Here -B r = Y^jLi \/\jPji r ) e j^ {Pj( r )}j=i,2,— are mutually independent one- 
dimensional Brownian motions; / : R d x R 1 x R rf — ► R 1 ; g : R d x R 1 x R d — > 
^(R 1 ). Set g j = gy/Xjej : R d x R 1 x R d — > R 1 , then Eq.CLZ]) is equivalent 
to 



/>oo />oo 

Y*' x = / e - Kr f(Xp x ) Y*' x ,Z t r ' x )dr+ Ke~ Kr Y*' x dr 

J S J S 

00 pOC POO 

-E / *- Kr 9i[X? B tf'*,Zy i )rf&j{r)- e- Kr (Zp x ,dW r ). 

~ :_ i «/ s S 



Definition 1.6 (Definition 2.7 in i25f ) A pair of processes (Y.'',Z.'') £ 
S* 2 '- A 'nM 2 ^ K ([0,oo);i2( K d ;]R i)) { g ) M 2 ^ A '([0,oo); J L2( R rf ;R rf)) JS ca ^ ea - 

solution of Eg. [L7\ ) if for an arbitrary ip £ C^R^R 1 ), 
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Ks Y s t ' x i P (x)dx = I I e- Kr f{Xt> x ,Y?' x ,Zi.' x )tp{x)dxdr 

Ke- Kr Y^ x ip(x)dxdr 

3- Kr Z^ x cp(x)dx,dW r ) P-a.s. (1.8) 

We will prove the following theorem under a general setting. 

Theorem 1.7 IfEq.fTTfy has a unique solution (Y?'', Z tr ) e S 2 <~ K f| M 2 "* 
([0, 00); L 2 p (R d ; R 1 )) M 2 -- x ([0, 00); L 2 (R d ; R d )) and «(t, •) 4 F t *'' is a con- 
tinuous weak solution of Eg. iTOj) , t/ien •) /ias an indistinguishable version 
which is a "perfect" stationary weak solution of Eg. II 1.3]) . Furthermore, let 
B s = Bt>s - B T > for alls>0 in Eq. (775]) and v t {-) = u(T' - t, •) = Y^'.Zt' 
for arbitrary T' and t £ [0, T'], then v t (-) is independent of T' and is a "per- 
fect" stationary weak solution of Eg. J7T7)) i.e. 

Vt(ui) — vo(d t LLi) = v(t,vo(w),uj) for alH > a.s. 

We will give the proof of this theorem in the last section. In order to find 
the stationary weak solution of SPDE (jl.ip . we need to assume reasonable 
conditions on / and g so that we can check the conditions in Theorem 11.71 
Indeed under the weak Lipschitz and monotone conditions posed in |25j . all 
the conditions of this theorem can be verified. In this paper, we will consider 
the following conditions: 

(A.l). Functions / and g are BS-^d % ® BB^d measurable and there exist 
constants M,Mj,C,Cj,aj > with Y^jLi^i < 00 > Y^jLi^o < 00 aim 
££a«i < \ s -t- fOT an y Y G L 2 p (R d ; R 1 ), X U X 2 ,Z 1 ,Z 2 £ L 2 p (R d ;R d ), 
measurable U : R d -> [0, 1], 



< 



U(x) I / (X 1 (x) , Y (x) , Z x (x) ) - / (X 2 (x) , Y (x) , Z 2 (x) ) | 2 p~ 1 (x)dx 

U(x)(M\X 1 (x) - X 2 (x)\ 2 + C\Zx(x) - Z 2 {x)\ 2 )p- 1 (x)dx, 

U(x) 1 9j (X 1 (x) , n (x) , Z x (x) ) - g 3 (X 2 (x) , Y 2 (x) , Z 2 (x) ) | V 1 (x) dx 

■ / ^(Mj-lXifx) - X 2 (x)\ 2 + Cj\Yi(x) - Y2(x)| 2 
+ctj\Zi(x) — Z 2 (x)\ )p (x)dx. 
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(A.2). For p G (2,5-1), f Rd |) fl (a:, 0, 0) [[^, C ri ) P _1 (^)^ < °°- 

(A. 3). There exists a constant Mq > s.t. for any t > 0, x, z G R rf , y G R 1 , 

|/(x,y,2)| <M (l + |y| + |*|). 

(A.4). There exists a constant /x > with 2(i-pK -pC -SiSrH £~ x q. > q 
s.t. for any Yi,y 2 £ L^R^R 1 ), X,Z E L 2 p {R d ;R d ), measurable U : R d -> 
[0,1], 

—f(X(%)> Vz(x), Z(x)))p^ 1 (x)dx 
< — /i / J7(x)|y 1 (x)-y 2 (o;)| 2 /)- 1 (a;)da;. 

(A. 5). For any x G R d , (y, z) — > f(x, y, z) is continuous. 

(A.6). The functions b G Cf^R^R 1 ), <r G C^ 6 (R d x R^R 1 ), and for p given 
in (A.2), the global Lipschitz constant L for b and a satisfies K — pL — 
S^L 2 > 0. 

Note here we don't assume / is Lipschitz in the variable y. We will prove 

Theorem 1.8 Under Conditions (A.1)-(A.6) 7 Eq. \1. 7j ) has a unique solution 
(Y*' x ,Zl' x ). Moreover E[mp s > f nd e- pKa \Yf' x \ p p- l (x)dx] < oo. 

Theorem 1.9 Under Conditions (A.l) -(A.6), letu(t,-) = Y^'~ , where (Y l \ Z 1 '') 
is the solution of Eq. |i.7[ ). Then for arbitrary T and t G [0, T] , u(t, ■) is a weak 
solution for Eg. \1.3\) . Moreover, u(i, •) is a.s. continuous w.r.t. t mDj(M jR 1 ). 

It is obvious that the conditions of Theorem 11.71 are satisfied from the 
conclusions of Theorem 11.91 so we obtain the stationary weak solution of 
SPDE fLTjl : 

Corollary 1.10 Under Conditions (A.1)-(A.6), for arbitrary T and t G 
[0, T], let v(t,-) = Y T ~ t '' , where (Y.'\Z,'') is the solution of Eq. |7T7| ) with 
B s = Bt-s — Bt for all s > 0. Then v(t, ■) is a "perfect" stationary weak 
solution of Eq. 

In order to study the infinite horizon BDSDEs and stationary solution of 
SPDEs, first we have to study the finite time BDSDEs and therefore obtain 
the probabilistic representation of the weak solutions of corresponding SPDEs. 
This will be given in Section[2l These results are novel, not only because of the 
connection of BDSDEs and SPDEs, but also due to the fact that the SPDEs 
we study appear to be new as coefficient g of the noise can be a general 
one. The existence and uniqueness of such equations when g is independent 



Stationary Solution of SPDEs with Non-Lipschitz Coefficients 



9 



of Vi> or linearly dependent on Vu were studied by the pioneering works of 
Da Prato and Zabczyk [3], Krylov [13] ■ Our work shows that studying the 
BDSDEs is a natural method for studying such general SPDEs. The infinite 
horizon BDSDEs and stationary solution of SPDEs will be studied in Section 
® 



2 Finite Horizon BDSDEs and the Corresponding 
SPDEs 

2.1 Conditions and main results 

In this section, we will study the following BDSDEs on finite horizon and 
establish its connection with SPDEs. This is necessary to establish the solution 
of infinite horizon BDSDE and its connection with the SPDEs. 

= h(X% x ) + J T f(r, X l r \ Yf>*, Z^)dr 

g(r,X^ x ,Y^' x ,Z^ x )d^B r - (Z^ x ,dW r ), < s < 7(2.1) 

J S 

Here h : fl x R d — > R 1 , / : [0, T] x W l x R 1 x R d — ► R 1 , g : [0, T] x R d x 
M 1 x R d — ► Cfj^R 1 ). Set 9j = g^/\~je 3 : [0,T] x R d x R 1 x R d — > R 1 , then 
Eq. (12.1|) is equivalent to 

Y*' x = h{X^) + f f{r,X t r ' x X' x ,Z t r' x )dr 

J S 

- £ / 9j{r, Xp x , Y?>*, Z^Sfair) - / (Zp x ,dW r ), < s < T. 
j=i J s J s 



Definition 2.1 A pair of processes Z 1 /) g 5 2 '°([0, T}; L 2 (R d ; R 1 )) (g) M 2 - 
([0,T];L 2 (R d ;R d )) is called a solution of Eq.(2J$) if for any tp £ C^R^R 1 ), 

Y*' x y{x)dx = [ h(X t 7 ; x )<p(x)dx+ [ [ f '(r, X^ x ,Y?' X , Z£ x )<p(x)dxdr 

JR d Js JR d 

oo r T 



[ ([ Z t r ' x i P (x)dx,dW r ) P-a.s. (2.2) 

Js JR d 



We assume 
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(H.l). Function h is ^ M ® measurable and E[J„ d \h(x)\ 2 p~ 1 (x)dx] < 
oo. 

(H.2). Functions / and g are &[o,t] ®-^«. d <8>^ri <8>^R<i measurable and there 
exist constants C,Cj,ctj > with Y^jLiQ < 00 an< ^ Sjli a j < 5 s -t- 
for any r G [0,T], Y,Y 1 ,Y 2 G L^R^R 1 ), X,Zi,Z 2 G L^ R d. 

/ |/(r, X(x), Y(x), Z x {x)) - f(r, X(x), Y(x), Z 2 (x))\ 2 p-\x)dx 
Jm d 

<C I \Z 1 (x)-Z 2 (x)\ 2 p- 1 (x)dx, 

JR d 

f \g j (r,X(x),Y 1 (x),Z 1 (x)) - g j (r,X(x),Y 2 (x),Z 2 (x))\ 2 p- 1 (x)dx 
< [ (C j \Y l (x)-Y 2 (x)\ 2 + a j \Z 1 [x)-Z 2 (x)\ 2 )p- 1 (x)dx. 

(H.3). The integral J Q T J Rd \\g(r, x, 0, 0) \\ 2 C 2 ^ {wl) p- 1 (x)dxdr < 00. 

(H.4). There exists a constant M' Q > s.t. for any r G [0,T], a;, z G M d , 

|/(r,z,y,z)| < Mq(1 + + |«|). 

(H.5). There exists a constant ^ G R 1 s.t. for any r G [0,T], Yi,>2 £ 
L^K^IR 1 ), I,2e L2(M rf ;M d ), measurable [/ : M d -> [0,1], 

JR d 

-f(r,X(x),Y 2 (x),Z(x)))p- 1 (x)dx 
<nf U{x)\Y x {x) - Y 2 (x)\ 2 p- 1 (x)dx. 

JR d 

(H.6). For any r G [0, T], a; G R d , (y, z) — > f(r,x,y,z) is continuous. 
(H.7). The functions 6 G Cf >fe (R d ; R d ), cr G C ; 3 b (M d ;M d x M d ). 

The first objective of this section is to prove 

Theorem 2.2 Under Conditions (H.1)-(H.7), BDSDE l2A\) has a unique 
solution. 

Then we will make the connection between the solutions of BDSDE (|2.ip and 
SPDE (Ol) . 

Theorem 2.3 Under Conditions (H.1)-(H.7), if we define u(t,x) = Y t ' x , 
where (Yp x , Zl ,x ) is the solution of Eg. fO]) , then u(t,x) is the unique weak 
solution of Eg A 1. Sty with u(T,x) = h{x). Moreover, u(s,Xl> x ) — Y*' x , 
(o-*Vu)(s,X*' x ) = Zt' x for a.a. s G [t,T], x £ R d a.s. 
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2.2 Existence and uniqueness of the solutions of BDSDEs with 
finite dimensional noise 

In their pioneering work [T5], Pardoux and Peng solved the following BSDE 
with Lipschitz conditions on the coefficient: 

Y.=t+ ( f(r,Y r ,Z r )dr- [ (Z r ,dW r ). (2.3) 

J s J s 

After that, many researchers studied how to weaken the Lipschitz conditions 
so that the BSDE system can include more equations. To name but a few, in 
[2"T] , [TB] , [H] , [12] > M an d [S] j researchers made their significant contributions 
to this subject. In .16], Lepeltier and San Martin assumed that the Revalued 
function f(r,y,z) satisfies the measurable condition, the y, z linear growth 
condition and the y, z continuous condition, then they proved the existence 
of the solution of Eq. (|2.3p . But the uniqueness of solution failed to be proved 
since the comparison theorem cannot be used under non-Lipschitz condition. 

In [22], after proving the comparison theorem of BDSDE with Lipschitz 
condition, the authors used the method in [16] and proved the corresponding 
result for the following Revalued BDSDE: 



Y a =Z + 



f(r,Y r ,Z r )dr- J (g(r,Y r ,Z r ),d^B r )- J (Z r ,dW r ). (2.4) 



They assumed the same condition for / as in [16] and g(r,y,z) satisfies the 
standard measurable condition and Lipschitz condition w.r.t. y and z. Then 
in Theorem 4.1 in [22], they proved the existence of solution of Eq. (12.4l) . 

First we study the following BDSDE with finite dimensional noise under 
non-Lipschitz conditions: 

r T 

Y t,x,n = h{X^ x )+ / f(r,Xp*,Y?> x > n ,Z£*> n )dr (2.5) 



-J2 gj(r,X*'',Y^' x ' n ,Z t r ,x ' n )^0i(r)- (Z^ n ,dW r ). 

Note here in [55] and [TB] , the authors only dealt with the solution of Eq. (|2.5p 
for a fixed x almost surely. Of course if one is interested in the classical solution 
of this SPDEs, it is easy to see that this implies one can solve Eq. (|2.5p for 
all x £ K d a.s. by some standard perfection arguments. But we consider 
the solution in the space S 2 '°([0, T\; L 2 p (R d ; R 1 )) M 2 '°([0, T]; L 2 p (R d ; R d )) 
in order to consider the weak solution of the SPDEs. The main task of this 
subsection is to prove 

Theorem 2.4 Under Conditions (H.1)-(H.7), Eq. \2. 51) has a unique solution 
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(Y t, ' ,n , Z l -- n ) S S 2 '°([0, T]-L 2 p {W l - K 1 )) Af 2 >°([0, T];L 2 (R d ; R d )). 

We will first acknowledge the following Proposition 12.51 at the moment, 
then we prove Theorem 12.41 with the help of Proposition 12.51 Note that in 
the proof of Theorem 12.41 and Proposition 12.51 we can consider the solution 
in S 2 '°([t,T]; L 2 (M d ; M 1 )) <g) M 2 '°([t,T}; L 2 p (R d ;R d )) due to the arguments in 
Remark 3.7 in 25j. 

Proposition 2.5 Given ([/.(•), V.(-)) G S 2 '°([0, T];L 2 (R d ; M 1 )) Af 2 '°([0, T]; 
L 2 (R d ; ]R d )) ; t/ien under Conditions (H.1)-(H.7), the equation 

Y t.x.n = h (x^ x ) + j f(r,X$' x ,Y?- x ' n ,Z£ x > n )dr (2.6) 

-E f 9 3 {r,Xl<^U r {x),V r {x))d^ 3 {r) - f {Z^ n ,dW r ) 
j=i s J s 

has a unique solution. 

Proof of Theorem \2.4\ Uniqueness. Assume there exists another Z t, ,n ) 

: 2 (M d ;]R 1 ))0M 2 ' o ([i,T];L 2 ( 



e S 2 ' ([t,T];L 2 (M d ;IR 1 ))(g)M 2 ' ([t,T];L 2 (]R d ;R d )) satisfying ((231). Define 



yt,x,n = yt,x,n _ yt,x,n &nd z t,x,n = gt,x,n _ t <s<T. 

Then with probability 1 we have that for a.e. a; G R d , (Y*> x ' n , Zl' x ' n ) satisfies 

yt,x,n = J ^ X t,x^ yt l x,n ) Z t,x,nj _ ffo x t,x^ yt.x.n ^ zl> x > n ))dr 
n -t 

3 = 1 Js 

(Z^ x ' n ,dW r ). 

From Condition (H.4) and (Y. t ''' n , Z t, ' ,n ), (Y t, ' ,n , Zf''' n ) e £ 2 '°([t, T];L 2 (R d ; R 1 )) 
(g) M 2 >°([t,T}; L 2 (R d ;R d )), it follows that 

E[f ( \f{r i X t r ^,Y*'"' n ,Z^ B ' n ) - f(r,Xp x ,Ys' x ' n ,Z t s ' x ' n )\ 2 p- 1 (x)dxdr] 

< C P E[ [ [ (1 + \Y^ n \ 2 + \Y^ n \ 2 + \Z l r ^ n \ 2 + \Z t r ' x ' n \ 2 )p- 1 (x)dxdr] 

Jt JR d 

< 00, 

where and in the rest of this paper C p is a generic constant. So from Fubini 
theorem we have for a.e. x £ S. d , 
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T 



E[l \f{r,Xl> x X' x < n ,K ,x ' n ) ~ f{r,Xl< x X ,x ' n ,Zr X ' n )\ 2 dr\ < 



CO. 



Similarly, with Condition (H.2), we have for a.e. x G R d , 

E[ [ T \ 9j (r, X$' x , Y^' n , Z^ n ) - 9j (r, X**,??*'", £j'***)| 2 dr] < oo. 

For a.e. x G R d , we apply the generalized Ito's formula ( [10] ) to e Ks tpM (Y*' x ' n ) , 
where K G R 1 and 

V>Af(a;) = -^ 2 ^{-Af<x<M} + M(2x - M)I {x > M} - M(2x + M)I {x< _ M} . 
Then 

^Ksj, (-\/-t.x,n\ i 7,-- / ^i^r 



e* s V>M(*y ,a: '") + # / e Kr V M (i; t ' 3: ' n )rfr 

+ / c '^{-M<Y r t ' x '"<M}l-^r' 2: '"l ^ r 
T 

e Kr tp' M {Y^' x ' n )(f(r, X*-* l?' a ' n , Z^-™) - f{r, X*> x , Y^ n , 

n ~T 

-S J (r,^' a ,^' s '' , ,^' s ' n )| 2 dr 

n ,t 

fli (r,^' x ,y r t ' x ' n ,iJ' s ' n ))^ i (r) 

7 

(e Kr i>' M (Y* > x >")Z*' x < n , dW r ). (2.7) 



We can use the Fubini theorem to perfect (|2.7p so that (|2.7[) is satisfied for a.e. 
a; G K d on a full measure set that is independent of x. If we define = 2 

V /y-t.a:.Ti\ 

when a; = Q, then < ^t^, n — - < 2. Taking integration over R on both 
sides of (|2.7j) . we can apply the stochastic Fubini theorem ([8]). Noting that 
the stochastic integrals are martingales, so taking the expectation, we have 



E[ e Ks ^ M (Y s t ' x ' n )p- 1 (x)dx]+KE[ / e Kr ^ M {Y^ x ' n ) P ~\x)dxdr] 
+E[f T f e Kr I { _ M< ^,n <M} \Zl^p-\x)dxdr] 

Js JR d V 
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I \rt,x,n 1 2 — 1 / 



<E[ / e^ r y ^ t ; iW v i^'Tp" 1 ^)^] 

Js JR d Y r 

+ {2C + jr Cj)E[ f f e Kr \Y^ n \ 2 p- l {x)dxdr] 
+ {\+Y,u 3 )E[f [ e Kr \Zl^\ 2 p~\x)dxdr]. 

A j=1 Js JR d 

Taking the limit as M — > oo and applying the monotone convergence theorem, 
we have 

E[f e Ks \Y s t ' x ' n \ 2 p- 1 (x)dx] 
Js. d 

+(^-E^)^[/ T / e Kr \Zp x ' n \ 2 p-\x)dxdr] 

z J = 1 Js JR d 

+ (K - 2p - 2C - V Cj)E[ / / e Kr \Y r t -^ n \ 2 p- 1 (x)dxdr} < 0. (2.8) 

j =1 Js JR d 

Note that all the terms on the left hand side of (|2.8j) are positive when K 
is taken sufficiently large. So by a "standard" argument, we have Y*' x ' n = 
for all s G [i,T], a.a. x G M d a.s. Also by f2~8jl . for a.e. Z*> x ' n = for a.a. 
x G R rf a.s. We can a.s. We can modify the values of Z at the measure zero 
exceptional set of s such that Z*' x ' n = for all xGR d a.s. 



Existence . If we regard Eq. (|2.6p as a mapping, then by Proposition 12.51 
f2~6]l is an iterated mapping from S 2 '°([i, T];L 2 p {R d ; R 1 )) <g) M 2,0 ([i, T]; ^(R d ; R d )) 
to itself and we can obtain a sequence {(Y^ x,n ' 1 , Zp x,n ' l )}°^ 1 from this map- 
ping. We will prove that (|2.6p is a contraction mapping. For this, define for t < 
s < T and arbitrary given (y*.-.M jZ *,-,»,i) e S 2 <°([t, T];L 2 (R d : R 1 )) A/ 2,0 
([i,T];L 2 (R d ;R d )), 

\rt,x,n,i v r *j ;c 5 n }* \^t,:c,n,2 — 1 nrt.x.nA rjt.x.nA rzt.x.n.i—l 

— i / \ ( \rt,x xrt.x.nA ryt,x,n,i\ / \rt,x \rt,x,n,i — l rrt,x+nA—\\ ■ o o 

9j{s,x) = gj{s,X s ' ,Y S ' ' ,Z S ' )-g j {s,X s ,Y S ' ■ ,Z S ' ' ), i = 2,3, ■ 
Then for a.e. x G R d , (Yf> x > n ' N , Zl' x ' n ' N ) satisfies 

«/ S 

-E/ 9f-\r,x)d)^{r)- (Z^ N ,dW r ). 

j=l s s 

Applying generalized the Ito's formula to e Kr ^M(Y*' x ' n ' N ) for a.e. x G R d , 
by the Young inequality, Condition (H.2) and (H.5), we can deduce that 
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/ e Ks ip M (Y*' x ' n > N )p- 1 (x)dx + K [ [ e Kr i> M (Y r t ' x ' n ' N )p~ 1 (x)dxdr 
Js. d Js Jm. d 



f / ' / e'-J { _ M <^,„, w<M} |Z,' ' »*fp '(.r),/.r,/r 

t,x,n,N\ 



< 



I I ^ M ^lT N \ \Y^ N \ 2 p- 1 {x)dxdr 

Js JR d Y r ' ' ' 

+2C f [ e Kr \Y*' x ' n ' N \ 2 p- 1 {x)dxdr 

Js JR d 

+ i [ T [ e Kr \Z t r ' x ' n - N \ 2 p- 1 {x)dxdr 
2 Js Jm d 

+ E C ^ / / e Kr \Y r t ^ n ' N - 1 \ 2 p- 1 (x)dxdr 



OO 

J2 a i I I e Kr \Z t r ' x ^ N - 1 \ 2 p- 1 (x)dxdr 



T r 



n 



"E / / ^M{Y^ n ' N )gf- 1 {r,x)p-\x)dxd)^{r) 

~i Js JR d 

-Til e Kr ^ M {Y^ N )Z t r ^ N p-\x)dx,dW r ). (2.9) 

Js Jwt d 

Then taking expectation and the limit as M — > oo, we have 
(K - 2/i - 2C)E\ f [ e Kr \Y*' x ' n ' N \ 2 p- 1 (x)dxdr] 

Js Jwi d 

+ \e[( T [ e Kr \Zl> x > n ' N \ 2 p-\x)dxdr] 

* Js JR d 

noo oo 
e Xr (VC j |F r *' a: ' Jl ' JV - 1 | 2 + y2a j \Z t r ' x ' n ' N - 1 \ 2 )p- 1 (x)dxdr]. 

[d 3 = 1 3 = 1 

First assuming that Cji'Y^jLi a j > 0> we nave 

(2K - 4p - 4C)E[ [ [ e Kr \Y^' x ' n ' N \ 2 p- 1 {x)dxdr] 

Js if 

+E[f f e Kr \Z t r ^ n ' N \ 2 p- 1 (x)dxdr] 

Js JR d 

< 2 / / e Kr {^-^\Y^ N ~'\ 2 + \Z^ N ^\ 2 )p-\x)dxdr]. 

Js Jw d 2Z = l a 3 

Letting K = 2u + 2C + = 1 ° ] , we have 

z 2^ = 1 «J 
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3=1 



E[ / e^( ^ X J + \Z t r ^ n ' N \ 2 )p- 1 {x)dxdr] (2.10) 



i-T 

^ n ' N - 1 ^)p- l (x)dxdr}. 



Note that E[ff J Rd e^ r (Sfe-^-| ■ | 2 + | • | 2 )p _1 (x)dxdr] is equivalent to 



^7=i ' 

E[J t J R d (\-\ 2 + \-\ 2 )p~ 1 {x)dxdr]. From the contraction principle, the mapping 
(|2.6[) has a pair of fixed point (Y. >'> n > 00 j z. '' n '°°) that is the limit of the Cauchy 
sequence {(Y. t, ' ,n ' N , Z^)}^ in M 2 >°([t, T];L 2 (R d ; M 1 )) M 2 >°([i, T];L 2 p 
(R d ; R d )). We then prove that K*'''"' 00 is also the limit of Y l ''' n ' N in S 2 ' ^, T]; 
L^M^jE 1 )) as N -> oo. For this, we only need to prove that {Y t ''' n ' N }'^ =1 
is a Cauchy sequence in S 2 '°([t, T];L 2 (R d ; M 1 )). For this, from (T2J|, by the 
B-D-G inequality, the Cauchy-Schwartz inequality and the Young inequality, 
we have 

E[ sup / e Ks ip M {Y t s - x - n > N )p- 1 {x)dx] 
t<s<T Jm.d 

< c p e[ f [ (ly; 4 ^'™^! 2 + \z l r x ^ N \ 2 

Jt JR d 

+ |Yj*,x, n ,JV-i|a + \z t r ' x ' n ' N - 1 \ 2 )p- 1 ( x )dxdr} 

+C P E\ 



\ 



n it 

\^' M {Yr ,x,n,N )\ 2 p- 1 {x)dx I y^\gf~ 1 {r,x)\ 2 p- 1 {x)dxdr 

j=i 



+C P EUI I I W M (Y^< n > N )\*p-^x)dx / \Zp x ' n ' N \-*p-^x)dxdr] 



<c p e[ / (ir,.*^'™^! 2 + \z l r ' x ^ N \ 2 

Jt Jw d 

+\Y*' x ' n ' N - 1 \ 2 + \Z t r x ^ N - 1 \ 2 )p- 1 (x)dxdr] 
+ \e[ sup f \^ M (Y s (x))\ 2 p- 1 (x)dx], 

t<s<T JRd 

where C p depends on C, Yl'jLi a ji Y^jLi Q an( i the nxe d constant in the 
B-D-G inequality. Taking the limit as M — > oo and applying the monotone 
convergence theorem, we have 

E{ sup / e Ks \Y s t ^' n ' N \ 2 p- 1 (x)dx} (2.11) 
t<s<r Jmd 

< M'oE[ f [ ^^yt.x.nM-lf + ^t,x,n,N-l |2 
Js Jwi d 

?t,x,n,N\2 i I ^t,x,n,N\2\ — 1 



|jrt,«, n ,tf|2 + |^.*.n.^|2) p -l(a;)da!d r ] ) 



Stationary Solution of SPDEs with Non-Lipschitz Coefficients 17 

where M > is independent of n and N. Without losing any generality, 
assume that M > N. We can deduce from ((2~TU|) and (|2~TTj) that 

(E[ sup / |yM,n,M -Y*' x ' n ' N fp- 1 (x)dx])^ 

t<s<T jRd 
M 



i=N+l t<s<TjRi 

< V (m'oE[ / e * r (|S?' B ^ i -Y + |^ , ' B,B,< ~ 1 | 



i=JV+l 



+ |yMw|2 + |^.».*|2)p-i( a! )d a .dr]) 2 

Z^=l«j , « r / / yw£fj=lW|yt,s,n,»-l|2 , i~t,x,»,i-l|2 



• i^ 1 J ' |yw,i|2 + i^.n.ip ) p -i {x)dxdr] y 

2^=1 a o 



M 

< E 



Eoo ^ 



y^oo q 

xE[l I e Kr ( ^ 3 |y r '>*.".*-Y + iz^- 1 ! 2 )^ 1 ^)^])- 

OO OO rj V-^OC 

< E (2E^) ¥ (( 2 +#t?)< 

i=JV+l j=l £->j=l 3 



Eoo 
3=1 



O i 



as M, N — > oo, since 2 a i < So we proved our claim. 

If either or both Yl'jLi Ej=i a j = 0, we can prove the above con- 
vergence using similar method or the above convergence is trivially correct. 
Theorem 12.41 is proved. o 



The remaining work in this subsection is to prove Proposition 12.51 First 
we do some preparations. 

Lemma 2.6 Under Conditions (H.1)-(H.7) ; if there exists (Y. (■) , Z . (■)) £ 
M 2 ' O ([i,T]; J L 2 (M d ;]R 1 ))0M 2 ^([t,r];L 2 (E d ;]R d )) satisfying the spatial inte- 
gral form ofEq.ftiS) fort < s <T, then Y.(-) £ S 2 '°([t, T];L 2 p (R d ; R 1 )) and 
therefore (Y s (x), Z s (x)) is a solution of Eg. {JTSp . 



Proof. Similar to the proof of Lemma 3.3 in [25j . we can prove Y s (-) is continu- 
ous w.r.t. s in l£(Mr; K 1 ) under the conditions of this lemma. We only mention 
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that we can use Condition (H.4) to deal with the term f(r, X*' x , Y r (x), Z r {x)) 
although there is no weak Lipschitz condition for Y r (x). We omit the proof 
here. Now we only show the proof of -E[sup t<s<T J Rd \Y s (x)\ 2 p~ 1 {x)dx] < oo 
briefly. For a.e. x € R d , applying the generalized Ito's formula to ipM(Y r (x)) , 
by Lemma fTT5| the B-D-G inequality and the Cauchy- Schwartz inequality, we 
have 



E[ sup f ^ M (Y s (x))p-h 

t<s<T JRd 



x)dx] 



< C P E[ / \h(x)\ 2 p-\x)dx] + C P E[ / / (\Y r {x)\ 2 + \Z r (x)\ 2 )p- 1 (x)dxdr] 



■ x Jt Jr< 



(1 + \gj(r, x,0,0)\ 2 )p 1 (x)dxdr < oo. 



So taking the limit as M — > oo and applying the monotone convergence theo- 
rem, we have Y.(-) e S 2,0 ([t, T];L 2 (R d ; R 1 )). Recall that a solution of Eq.jl^D 
is a pair of processes in S 2 >°([0, T];L 2 (R d ; R 1 )) <g) M 2 -°([0, T];L 2 (R d ; R d )) sat- 
isfying the spatial integral form of Eq. (|2.5p . therefore (Y s (x), Z s {x)) is a solu- 
tion of Eq.&M. o 



From the proof of Lemma 12. 6i one can similarly deduce that 

Corollary 2.7 Under Conditions (H.1)-(H.7), if there exists (Y.(-), Z.(-)) 6 
Af 2 '°([i,T]; Z^QR^R 1 )) M 2 >°{[t,T]; L 2 p (R d ;R d )) satisfying the spatial inte- 
gral form of Eq.^EB for t < s <T, then Y.(-) € S 2 '°([t, T];L 2 (R d ; R 1 )) and 
therefore (Y s (x), Z s (x)) is a solution of Eq. 



For the rest of this paper, we will leave out the similar localization ar- 
gument as in the proof of Theorem 12.41 and Lemma 12.61 when applying Ito's 
formula to save the space of this paper. 

Proof of Proposition \2.5\ The proof of the uniqueness is rather similar to 
the uniqueness proof in Theorem 12. 4[ so it is omitted. 
Existence . Define 

r (r, y, z) = f(r, Xp x , y, z) and g x (r) = 9j {r, X* r ' x , U r (x),V r (x)), 

then for a.e. x G K d , (12.61) becomes 



-E r^w^A-w - f{zr>\dw r ). (2.i2) 

j=l J * Js 

Then it is easy to see that for a.e. x £ R d , f x and g x satisfy 
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(H.l)'. f x : [t,T] x flxR 1 xR d — > M 1 is % T ] O^tV^oo®* 1 ®^r<* 
measurable and 

5J : [t, T] x f? — ► M 1 is %, r] <g> & s ,t V measurable. 
(H.2)'. For any re [t,T},yeR\ \f x (r,y, z)\ < M' (l + \y\ + \z\). 
(H.3)'. For any r e [t,T], (y,z) — > f x (r,y 7 z) is continuous. 

By Theorem 4.1 in [22], for a.e. a; G M d , Eg . ([2~T2]) . as well as Eg.([2l)]). has a 
solution {Y*' x < n , Zl' x ' n ) G M 2 >°([t, T]; R 1 ) Af 2 >°([i, T]; M d ). In the following, 
we will prove that (Y*' x > n , Zp x,n ) G M 2 <°([t, T]; i 2 (R d ; R d )) Af 2 <°([£, T]; L 2 
(M^M 1 )) under the conditions of Proposition l2~5l 

First by Condition (H.4) or Condition (H.2)', Conditions (H.2), (H.3) and 
(H.7), for a.e. x G K d , we have 

E[ J |/(r, X*< x , Y*' x ' n , Zp x ' n )\ 2 dr] 

n „T 

+ 72 E i \g 3 (r,X^,U r (x),V r (x))\ 2 dr] < oo. 

3=1 Jt 

Then for a.e. x G M d , applying the generalized Ito's formula to e" fCr |F r ' ,a: ' ra | 2 , 
we have 

J5[e K '|l^' x ' n | 2 ] + KE[ J e Kr \Y*< x > n \ 2 dr] + E[J e Kr \Zp x ^\ 2 dr] 
f T 

= E[e KT \h{X t T x )\ 2 ] + 2E[J e Kr Y^ x ' n f(r,Xp x ,Y*' x ' n ,Z t r ' x ' n )dr] 
J2E[[ e Kr \ gj {r,Xl> x ,U r {x),V r {x))\ 

-•1 J s 



dr] 



3 = 1 



Taking the integration over R d and by Conditions (H.1)-(H.5), (H.7) and 
Lemma IL51 we have 



E[ e Ks \Y s t ' x ' n \ J p- 1 (x)dx}+KE[ / e Kr \Y r t > x ' n \ 2 p-\x)dxdr] 
Jm d Js Jm d 

+E[[ T [ e Kr \Z t r ' x ' n \ 2 p- 1 (x)dxdr] 

Js JR d 

= E[[ e KT \h{X t j, x )\ 2 p- 1 {x)dx] 

JWL d 

+2E[[ f e Kr Y^ x ^f(r,X t / x ,Y^ x ^,Zp x ^)p- 1 {x)dxdr} 

Js J«. d 
n „T r 

+ $>[/ / e Kr \g j (r,X t r ' x ) U r (x),V r (x))\ 2 p- 1 (x)dxdr] 
~[ Js Jm. d 
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<C p E[ \h{x)\ 2 p- 1 {x)d. 



x 



+ (2 M + 2C+1)£[ f f e Kr \Y r t ' x ' n \ 2 p- 1 (x)dxdr} 

Js JR d 

+ \e[( I e Kr \Z t r x - n \ 2 p- 1 (x)dxdr}+C p 



+C P E[ f f 

„■_, Js JR d 



(\U r (x)\ 2 + \V r (x)\ 2 )p- 1 {x)dxdr] 



Q)\ z p-\x)dxdr. 



It turns out that 



E[[ e Ks \Y^ x ' n \ 2 p- 1 (x)dx] 

+{K-2 l x-2C -l)E[f I e Kr \Y r t ^^\ 2 p- 1 (x)dxdr] 

Js JR d 

/ e Kr \Z t r ' x < n \ 2 p- x (x)dxdr] 



2 

< C P E[ [ \h{x)\ 2 p- 1 {x)dx] + C p 

JR d 

+C P E[[ [ (\U r {x)\ 2 + \V r (x)\ 2 )p~ 1 (x)dxdr] 

Js JR d 

+C P V / \g j (r,x ) 0,Q)\ 2 p- 1 (x)dxdr 

- =1 Js JR d 

< oo. (2.13) 

Taking if sufficiently large, we can see that (Y. t ''' n , Z t ''' n ) £ M 2 '°([t, T];L 2 (R d ; 
K d )) M 2 '°([t,T}; I/^R^R 1 )) and for a.e. x £ R d , (Y*< x ' n , Z^ n ) satisfies 
Eq. (|2.6p on a full measure set Q x C fi dependent on x. But we can use the 
Fubini theorem to perfect Eq.^BJ) so that (Y 8 *' x,n , Z^ x ' n ) satisfies dUBJ) for 
a.e. a; £ M. d on a full measure set Q independent of x. To see this, from (|2.13p . 
we have for any s £ [t,T], 

Ks \yt,x,n\2 — 1 



E[f e Ks \Y s t ' x ' n \ 2 p- 1 (x)dx]= [ E[e Ks \Y f 

jR d jR d 



\ 2 p-\x)]dx < oo, (2.14) 



so for a.e. x £ M d , there exists a full measure set fi x c (2 s.t. Y*> x ' n < oo 
on Q x . Denote the right hand side of (|2.6p by F(s,x). Then by Eq. (|2.6|) , for 
:r £ R , there exists a full measure set Q' x C fl s.t. Y* ,x ' n = F(s, x) on J7 ,:E . 
Then for a.e. x £ M. d , we have Y*' x,n = F(s, x) on fl x f] Q' x . Since now for a.e. 
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x G R d , Y*' x ' n < oo on Q x f] fl' x , so F(s, x) < oo and we can move F(s, x) to 
the other side of the equality to have Y*' x ' n — F(s, x) = on the full measure 
set n x f]Q' x . Thus 

f E[\Y*> x > n -F(s,x)\]dx = 0. 
By the Fubini theorem, we have 

E[[ \Y*> x ' n -F(s,x)\dx] = 0. 

This means that there exists a full measure set fl independent of x s.t. on 
ft, Yg' x ' n — F(s, x) = for x G £ u , where £ u is a full measure set in R d and 
depends on w. Similarly, from ()2.14|) . we also know that there exists another 
full measure set fl independent of x s.t. on f2, Y*' x ' n < oo for x G £ u , where 
£ u is a full measure set in R d and depends on u>. Take fi — Qf]Q and 
£u> _ |~|£<*^ then both are still a full measure set and on J?, Y^ x,n < oo 
for x G £^ , furthermore F(s,x) < oo. We can move items in the equality 
yt,x,n _ p^ g ^ — o to have Y*' x >" — F(s, x) for x G £ w on a full measure set 
i? independent of x. 

Now we have (Y*> x > n , Z^ x ' n ) G Af 2 '°([t, T]; ip(R d ; R d )) Af 2 '°([i, T\\L 2 p 
(R d ; R 1 )) and for f < s < T, (Y*' x ' n , Z*^ n ) satisfies (JUSJ for a.e. z G R d on a 
full measure set fl independent of x. Then for any ip G C°(R d ; R 1 ), multiply- 
ing by ip on both sides of Eq. (|2.6p and taking the integration over R d , we have 
(y^x.n satisfies the S p a tial integral form of Eq.flll]) for t < s < T. By 

Corollary^ Y tr ' n G S 2 '°([t, T]-L 2 (R d ; R 1 )) and (Y/-*-", Z*' x ' n ) is a solution 
ofEq.dM]). 



2.3 Existence and uniqueness of solutions of BDSDEs with infinite 
dimensional noise 

Following a similar procedure as in the proof of Lemma 12.61 and applying 
Ito's formula to e Kr \Y*> x ' n \ , by the B-D-G inequality we have the following 
estimation for the solution of Eq. ()2.5() : 

Proposition 2.8 Under the conditions of Theorem \2.2l (Y*' x,n , Z*' x,n ) sat- 
isfies 

su P E[ sup / \Y*' x ' n \ 2 p- x (x)dx]+supE[[ [ \Z^ x ' n \ 2 p- 1 {x)dxdr] < oo. 

n 0<s<T J-Rd n Jo jRd 

Now we turn to the proof of the first main theorem of this section. 
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Proof of Theorem \2.S\ The proof of the uniqueness is rather similar to the 
uniqueness proof in Theorem 12.41 so it is omitted. 

Existence . By Theorem 12.41 for each n, there exists a unique solution 
(K 4 '''™, Z t, ' ,n ) to Eq.(E3D, so (K''-'",Z.''-' n ) G ^°([O,r];i2( K rf ;K i))0M 2 ' 
([0,T];L 2 (R d ;R d )) and for an arbitrary ip G C°(M d ; M 1 ), 



Y*' x ' n <p{x)dx = I h(X t T x )p(x)dx 

pT 



f(r, X* r > x , Y*' x ' n , Zt> x > n )<p(x)dxdr 

~i Js JR d 



3 = 1 



( Zl' x > n <p{x)dx,dW r ) P-a.s. (2.15) 

JR d 

We claim (K*'''", Z.*' '") is a Cauchy sequence in S 2 -°([0, T]; L^R^R 1 )) (g) M 2 <° 
([0,T];L 2 (]R d ;]R d )). For this, applying Ito's formula to e Kr \Y*' x > m - Y*' x > n \ 2 
for a.e. i e K d , we have 



f e Ks \Y 8 t ' x ' m -Y*' x ' n fp- 1 (x)dx 

T r 

e Kr\ Y t,x, m _ Y ^ x ^\ 2 p- 1 (x)dxdr 



e Kr\ z t,x,m _ Z ^ x ^\ 2 p~\x)dxdr 
pT 



<C P ^m+a^ / {\Y^ m \ 2 + \Z^ m \ 2 )p-\x)dxdr 

■ , , Js JR d 

\g j (r,Xp x ,Q,0)\ 2 p- 1 (x)dxdr)} 



j=n+l 



Y / 2e Kr Y r t ^ n g" l ' n (r,x)p' 1 (x)dxd^ J {r) 

~{ Js JR d 
m „t r- 

V / / 2e Kr Y r t > x > m < n g 3 {r,X^ x ,Y r t ' x ' m ,Zr X ' m )p- 1 (x)dxd^ 3 (r) 
([ 2e Kr Y r t < x > m ' n Z t r X > m > n p- 1 (x)dx,dW r ). (2.16) 

JR d 

The claim is true by taking expectation and applying Lemma 1 1.51 and Propo- 
sition EH as n, m — > oo 



E[[ [ e Kr \Y*> x ' m -Y^ x ' n fp- 1 (x)dxdr} 

JO JR d 
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+E[[ [ e Kr \Zp x < m - Z t r ' x ' n \ 2 p- 1 (x)dxdr] — >0 (2.17) 

JO JM d 

and by the B-D-G inequality 

E[ sup / e Ks \Y*' x ' m -Y*' x ' n fp- 1 (x)dx] — ► 0. 

0<s<tJr<! 

Denote its limit by (Y s Lx , Z^ x ). 

We will show that (Yf> x , Z\> x ) satisfies flUJ for an arbitrary ip e C°(K. d ; R 1 ). 
For this, we prove that along a subsequence (|2.15[) . the spatial integral form 
of Eq. (|2.5p . converges to Eq. (|2.2p in L 2 (fl) term by term as n — > oo. Here 
we only show that along a subsequence 

E[ | f f (f(r,X^ x X^ n ,K^ n ) ~ f{r,X?X>*,Zp B ))<p{x)dxdr\ 2 ] — » 

Js JR d 

as n — ► oo. Other items are under the same conditions as in Section 3 in 
[25] , therefore the convergence can be dealt with similarly. Notice 

T 

2l 



< 



B[| / / {f(r,X^X' x ' n ,K' x n-f(r,X*' x X' x ,K' x ))^)dxdr\ 

Js Jn d 

TE[ f f \f(r,Xt>*X*> n , ~ f{r,X^ x X-' x ,Z^ x )\ 2 p- l {x)dxdr 

x / \<p(x)\ 2 p(x)dx] 

JR d 

< C P E[ f [ \f{r,XP*X>*' n ,Z£*> n ) - f{r,X^ x X' x ,Z t r ^)\ 2 p- 1 (x)dxdr] 

J s JR d 

< C p E[ ( T [ \f{r,Xt'*X ,x,n ,Z t r , '' n ) ~ f(r,X^ x ,Y r t - x -' n ,Z t ^)\ 2 p- 1 (x)dxdr} 

J s JR d 

+C P E[[ T [ \f{r,Xp'X tX,n ,^)-f(r,X^,^,Z^')\ 2 p-\x)dxdr] 

Js JR d 

<C P E[[ [ \Z t r ' x ' n -Z t r ' x \ 2 p- 1 {x)dxdr] 

Js JR d 

+C P E[[ T [ \f(r,X*?*,Yf>*' n ,ZF) -f^X^X^^tnfp-'Wdxdr]. 



We only need to prove that along a subsequence 

E[[ f \f(r,X t / x X' x,n ,Z t r ' x ) (2.18) 



-f(r,X t r ' x ,Y^ x ,^ x )\ 2 p- 1 (x)dxdr] — >0 asn 



oo. 



First we will find a subsequence of {Y* ,x,n }™ =1 still denoted by {Y*' x ' n }^ =1 s.t. 
Y t,x,n — , Y t,x for a e r e [0, T], x S R d , a.s. w and E[J^ J Rd sup„ \Y*> x > n \ 2 p~ l {x) 
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dxdr] < oo. For this, from pTf|) . we know that S[/ T J Rd ly^^-y,*^! 2 /}- 1 ^) 
c?xc?r] — > 0. Therefore we may assume without losing any generality that 
Yj;' x ' n — > Y*' x for a.e. r £ [0, T], x <E R d , a.s. ui and extract a subsequence of 
{yM,n}oo =ij sti ii denoted by {Y*> x > n }%L v s.t. 



F [ i jL \Y^ n+1 -Y^yp-^x)dxdr] < 1. 

For any n, 

n— 1 oo 

|y r 4 ^' n | < |F r '' x ' x | + ^ |y r *' x ' i+1 - Yp x ' l \ < \y^ x ^\ + J2 \Y*' x ' i+1 - y?' 

Then by the triangle inequality of the norm, we have 



'E[f f sup\Y r Lx - n \ 2 p- 1 (x)dxdr} 

JO JM d n 



< 



. E[f [ QY*'^ + V \Y^ i+1 - Y^ l \Yp^{x)dxdr] 
\ Jo J** 4=1 



jy-*'*' | 2 p 1 (a;)(ix(ir] 



o Jm. d 







y- 



y w | 2 p _1 (z)^r] 



< oo. 



7' 

JR d 



It therefore follows from Condition (H.4) that, for this subsequence {Y*' x,n }^ =1 , 
sup |/(r, X?, Y^ n , Zl: x ) - f(r, X* r ' x , Y?> x , Z^)\ 2 p~\x)dxdr] 



E\ 



< C P E[[ [ (l + sup|y r * 



t,x,n\2 i \\rt.x\2 , \ /yt.x\2\ „— 1 



y 



)p (x)dxdr] < 



Then, (|2.18[) follows from applying Lebesgue's dominated convergence theo- 
rem and Condition (H.6). The proof of Theorem 12.21 is completed. o 



2.4 The corresponding SPDEs 

We first consider the following SPDE with finite dimensional noise: 
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u n (t,x) = h(x) + J [3fu n (s,x) + f(s,x,u n (s,x),(a*Vu n ){s,x))}ds (2.19) 

n ,t 

-V/ g j (s,x,u n {s,x),{a*Wu n )[s,x))d^ j (s), < t < s < T. 

In the previous subsection, we proved the existence and uniqueness of solution 
of BDSDE dHU) and obtained the solution (Y*> x , Z\' x ) by taking the limit of 
(yt,x,n } z t, x ,nj of the S0 i ut i 0ns f Eq.^ in the space S 2 <°([0, T];L 2 p (R d ; E 1 )) (g) 
M 2 '°([0,T];L 2 (R d ;R d )) along a subsequence. We still start from Eq.^SJ) in 
this subsection. 

Proposition 2.9 Under Conditions (H.1)-(H.7), assume Eg. \2.5\) has a unique 

solution (Y*' x > n , 

Z^ x ' n ), then for any t < s < T , 

Y r s ' X °"°' n = Y*' x ' n and Z s r ' X ^' n = Z^ x ' n for r G [s,T], a.a. x e R d a.s. 

Proof. The proof is similar to the proof of Proposition 3.4 in [25 . Here Lemma 
12.61 plavs the same role as Lemma 3.3 in that proof. o 

A direct application of Proposition 12.91 and Fubini theorem immediately 
leads to 

Proposition 2.10 Under Conditions (H.1)-(H.7), if we define u n (t,x) = 
Y*' x ' n , v n (t,x) = Z\' x ' n , then 

u n {s,Xl' x ) = Y*' x ' n , v n (s,X t s ' x ) = Zl' x ' n for a.a. s G [t,T], x G R d a.s. 

Theorem 2.11 Under Conditions (H.1)-(H.7), if we define u n (t, x) = Y t ,x,n , 
where {Y*' x ' n , Zl' x ' n ) is the solution of Eg. fO)) . then u n (t,x) is the unique 
weak solution of Eg. Ui.19}) . Moreover, 

u n {s,Xl' x ) = Y*< x > n , 0*Vu n )(s,X*' x ) = Z* s ' x ' n for a.a. s G [t,T], xeR d a.s. 

Proof. Uniqueness. Let u n be a solution of Eq. (|2.19|) . Define 

F n (s, x) = f(s, x, u n (s, x), (**Vu n )(s, x)) , 
G](s,x) = g:j (s,x,u n (s,x),(o-*Vu n )(s,x)). 

Since u n is the solution, so E[J^ J Rd (\u n (s, x)\ 2 + \(a*Vu n )(s, x)\ 2 ) p^ 1 (x)dxds] 
< oo and 

BIT [ (\F n (s,x)\ 2 + J2\G-( S ,x)\ 2 )p' 1 (x)dxds} 

JO JR d „•_■, 
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= E{( [ (\f(s, x, u n {s, x), (a*Vu n )(s, x)) | 2 



n 



+ £ \9j (s, x, u n (s, x), (a*Vu n )(s, x)) | 2 ) p' 1 (x)dxds] 



<C P E[[ [ (l + \u n (s,x)\ 2 + \(a*Vu n ){s,x)\ 2 



JO JR d 



1 1 



+ Y,\9j(^x,0,0)\ 2 )p' 1 (x)dxds} 



< oo. 



(2.20) 



If we define Y*' x ' n = u n (s,JC*' x ) and Z l f ' n = {a*Vu n )(s, Xl' x ), then by 
Lemma 11.51 



Using some ideas of Theorem 2.1 in [3J, similar to the argument as in Section 



4 in [25], we have for £ < s < T, (K*' ' n , Z.*''' n ) G M 2 ' 
([*, T]; L 2 (R d ; M 1 )) M 2 '°([t, T];L 2 p (R d ; R d )) solves the following BDSDE: 



Multiply ip G C°(R d ; R 1 ) on both sides and then take the integration over R d . 
Noting the definition of F n (s,x), G?(s,x), Y*' x > n and Z*' a >", we have that 
(yt, x , n ^ zl' x ' n ) satisfies the spatial integration form of Eq. (|2.5[) . By Corollary 
I2~7l K*'-'" G S^'°([t, T];L 2 (M d ; R 1 )) and therefore (F^'™, Z*> x > n ) is a solution 
of Eq. (|2.5p . If there is another solution u to Eq. (|2.19p , then by the same 
procedure, we can find another solution (y s f,I,Ti , Z'' 1 '™) to Eq. (|2.5p . where 

Y*,*,n = an d = ((i*V«")(s,l s M ). 

By Theorem 12 .4[ the solution of Eq. (|2.5[) is unique, therefore 

Y t,x,n = ft,x,n fo r a . a . s e [t,T], X G R d a.S. 

Especially for t = 0, 





0,x,n 



Y°' x ' n for a.a. s G [0,T], x G E d a.s. 
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By Lemma 11.51 again. 



E[f I \u n {s,x)-u n {s,x)\ 2 p- 1 {x)dxds] 

JO JR d 

<C P E[[ [ \u n (s,X°' x )-u n (s,X°' x )\ 2 p- 1 (x)dxds] 
Jo Jg, d 



= C P E[ [ [ \Y°< x < n - Y^ x > n \ 2 )p- l {x)dxds] 

Jo JwL d 

= 0. 

So u n (s, x) = u n (s, x) for a. a. s G [0, T], x G R d a.s. The uniqueness is proved. 

Existence . For each (t,x) G [0, T] <g> R d , define u"(i,a;) = F/ ,x ' n and 
w n (t,ar) = Z*' x ' n , where (K 4 '''™, Z*'' ,n ) G 5 2 ' ([0, T]; L 2 (R d ; R 1 )) M 2 '°([0, T]; 
L 2 (R d ;R d )) is the solution of Eq.([23|). Then by Proposition 

u n (a,Xt' x ) = Ys' x,n , v n (s,X t s ' x ) = Zl' x > n for a.a. s e [t,T], xtR d a.s. 

Set 

F n (s,x) = f(s,x,u n (s,x),v n (s,x)), 
Gjfax) = 9](s,x,u n (s,x),v n (s,x)). 

Then it is easy to see that (K*''' n , Z.*'''") G M 2 '°([i, T]; L 2 (R d ; R 1 )) <g) M 2 - 
([t, T]; L 2 (R d ; R d )) is a solution of Eq.(g2T]) with above .F™ and . Moreover, 
by Lemma 11.51 

#[/ / \u n (s 1 x)\ 2 + \v n (s,x)\ 2 p- 1 {x)dxds]<oo. 

Jo JwL d 

Then from a similar computation as in (j2.20|) we have 

nn 
(\F n (s,x)\ 2 + Y / \G](s,x)\ 2 )p- 1 (x)dxd S ] < oo. 
J d - =1 

Now using some ideas of Theorem 2.1 in [3], similar to the argument as in 
Section 4 in [25], we know that w n (s,x) = (<r*Vu n )(s,x) and u™ is the weak 
solution of the following SPDE: 

u n (t,x) = h{x)+ [ [^fu n (s,x) + F n (s,x)}ds 



t 

n ~T 



-V / G](s,x)d^j(s), 0<t<s<T. (2.22) 
„_i Jt 
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Noting the definition of F n (s,x) and G™(s,x) and the fact that v n (s,x) = 
(tr*Vit ra )(s, x), from (|2.22p , we have that u n is the weak solution of Eq. (12.19|) . o 

In the rest part of this subsection, we study Eq. (| 1 . 3[) with / and g allowed 
to depend on time. If (Y*' x , Zl' x ) is the solution of Eq. (12.ip and we define 
u{t,x) = Y*' x , then by Proposition 4.2 in [55], we have a*Vu(t,x) exists for 
a.a. t 6 [0,T], x eR d a.s., and 

u{s,Xl' x ) = Y*' x , (a*Wu)(s,X^ x ) = Z\- x for a.a. s 6 [t,T], x eM. d a.s. 

(2.23) 

Also by Theorem 12.111 and Lemma II .5| we have 
E[f ( \u n (s,x)~u{s,x)\ 2 p- 1 (x)dxds] 

JO JR d 

+E[f [ \(<j*Vu n )(s,x) - (cr*Vu)(s,x)\ 2 p- 1 (x)dxds} 
Jo Jm d 

< C p E[ [ [ \u n {s,X°' x ) - u(s 1 X^ x )\ 2 p- 1 (x)dxds} 

Jo JR d 

+C P E[[ [ \(a*Vu n ){s,X°' x )-(a*Vu)(s,X°' x )\ 2 p- 1 (x)dxds] 
Jo Jwi d 

= C P E[ [ T [ \Y s °> x ' n - Y s °> x \ 2 p-\x)dxds] 

J0 JR d 

+C P E[[ [ \Z° s ' x ' n - Z° s ' x \ 2 p- 1 (x)dxds] — >0, as n -» oo. (2.24) 

Jo Jwi d 

With (]2.24[) . we prove the other main theorem in this section. 

Proof of Theorem \2.3\ We only need to verify that this u defined through 
Y{ ,x is the unique weak solution of Eq. (|1.3p . By Lemma [T31 and (|2.23[) . it is 
easy to see that 

(a*Vu)(t,x) = Z\' x for a.a. t G [0, T], x € R d a.s. 

Furthermore, using the generalized equivalence norm principle again we have 

E[f f {\u(s,x)\ 2 + \{o-*\7u)(s,x)\ 2 )p~ 1 (x)dxds] 
Jo Jm d 

< C P E[ [ T [ (\u(s,X s > x )\ 2 + \(a*Vu)(s,X^ x )\ 2 )p- 1 (x)dxds] 

JO JR d 

= C p E[ [ T [ (\Y^ X \ 2 + \Z^ x \ 2 )p-\x)dxds] < oo. (2.25) 
Jo Jm. d 
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Now we will verify that u(t, x) satisfies (|1.4j) . Since u n (t, x) is the weak solution 
of SPDE ([2~T§j) . so for any <p e C c °°(]R d ; M 1 ), u n (t,x) satisfies 



1 <- T 



fT 



u n (t,x)ip(x)dx — / h{x)ip(x)dx 

JR d 

(a*Vu n )(s,x){a*V(p)(x)dxds 
u n (s,x)V((b- A)ip)(x)dxds 
f(s, x, u n (s, x), (a* Vu")(s, a;))< / 9(a;)da:ds (2.26) 



/* JR d 

n 



J2 / 9 3 {s 1 x 1 u n { S ,x),{a*Vu n ){s 1 x)) V {x)dxd)fi J { S ) P 

• =1 JR d 



a.s. 



By proving that along a subsequence (|2.26p converges to (|1.4j) in L 2 (S1), we 
have that x) satisfies (|1.4p . We only need to show that along a sequence 
as n — > oo, 

B[ | / / (/(^^"(s^M^Vu")^,*)) 

Jt JR d 

—f(s,x,u(s,x), (a* Vu)(s, x))) ip(x)dxds\ 2 ] — > 0. 

First note 

E[\ [ T [ (f(s,x,u n (s,x),(a*Vu n )(s,x)) 

Jt JR d 

—f(s, x, u(s, x), (er*Vu)(s, x))^j ip(x)dxds\ 2 ] 

< C p E[ f [ \f(s, x, u n (s, x), (<r*Vu n )(s, x)) 

Jt JR d 

—f(s, x, u(s, x), (er*Vu)(s, x))\ 2 p~ 1 {x)dxds\ 

< C p E[ f f \f(s, x, u n (s, x), (a*Vu n )(s, xj) 

Jt JR d 

—f(s, x, u n (s, x), (cr* Vm)(s, x))\ 2 p~ x (x)dxds] 
+C P E[[ T f \f(s,x,u n (s,x),(<T*Vu)(s,x)) 

Jt JR d 

—f(s, x, u(s, x), (<r* Vit)(s, x))\ p~ [x)dxds] 
<C P E[[ [ \(a*Vu n )(s 1 x)-(a*Vu){s,x)\ 2 p~ 1 (x)dxds] 

Jt JR d 

+C P E[[ f \f(s,x,u n (s,x),(a*Vu){s,x)) 

Jt JR d 

—f(s, x, u(s, x), (a*Vu)(s, x))\ 2 p^ 1 (x)dxds]. 
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We face a similar situation as in (|2.18p and only need to prove that along a 
subsequence as n — > oo, 

E[[ T [ \f(s,x,u n (s,x),(a*Vu)(s,x)) (2.27) 
—f(s, x, u(s, x), (cr*V«)(s, x))\ 2 p~ l (x)dxds] — > 0. 

For this, note that we have (|2.24p which plays the same role as (|2.17p in the 
proof of Theorem 12.21 Thus we can find a subsequence of {u n (s , x)}^ =1 still 
denoted by {u n (s, x)}^ s.t. u n (s,x) — > u{s,x) for a.e. s e [0, T], x £ R d , 
a.s. u> and E[J Q J Rd sup„ \u n {s,x)\ 2 p~ l {x)dxds] < oo. It turns out that, for 
this subsequence {u n (s,x)}'^L 1 , by Condition (H.4), we have 

E[f [ sup\f(s,X,U n [s,x),(a*Vu)(s,x)) 
JO JR d n 

—f[s, x, u(s, x), (er*Vu)(s, x))\ 2 p~ l (x)dxds] < oo. 

Thus (|2.27p follows from using Lebesgue's dominated convergence theorem. 
Convergences of other terms in (I2.26P are easy to check. 

Therefore u(t,x) satisfies (|1.4[> . i.e. it is a weak solution of Eg. (|1 .3[) with 
u(T,x) — h(x). We can prove the uniqueness following a similar argument in 
Theorem |2~TT1 o 



3 Stationary Solutions of SPDEs and Infinite Horizon 
BDSDEs 

In this section, first we will give the proof of Theorem 11.71 Then we show 
that the conditions in Theorem 11.71 are satisfied, i.e. both Theorem 11.81 and 
Theorem II .91 are true under our assumptions. 

3.1 Proof of Theorem ITT71 

Proof. First note that Eq. (|1.7p is equivalent to the following BDSDE 

\ - Jl g(X$*,Y}'*> Zt: x )JB r - fj Z^dW r (3.1) 

I limT^oo e~ KT Y T = a.s. 

Let B u = Bt'-u - Bt> for arbitrary T' > and -oo <u <T' . Then B u is a 
Brownian motion with Bq = 0. For any r > 0, applying 8 r on B Ul we have 
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6 r o B u = r o (B T ,_ U - B T ,) = B T ,_ u+r - B T , +r 

= {Bt'-u+t — Bt>) ~ (Bt'+t — B T ) = B u ^ r — B- r . 

So for < s < T < T' and {h(u, -)} u >o being a j?„-nieasurable and locally 
square integrable stochastic process with values on yC 2 ^ (L 2 (R d ; R 1 )), we have 
the relationship between the forward integral and backward Ito integral (c.f. 
[25]) 



,T pT'-s 

/ h(u,-)(PB u = - h(T'~u,-)dB u a.s. 

Js Jt'-T 



i-T pT'-s 

It'-t 

and for arbitrary T > 0, < s < T, r > 0, 



9 r o h(u,-)d ji B u = § r oh(u-r, -)d f B u . (3.2) 

J s J s+r 

Therefore for a.e. x £ R d , 

9 r o / h{u,x)d^B u = / 6 r o h{u — r,x)d) B u . 

Js J s+ r 

Since (Y*'\ Z 1 /) G S 2 '~ K f| Af 2 ^ ([0, oo); L 2 (R rf ; R 1 )) <g> M 2 ^([0, oo); L 2 
(R d ; R d )) is the unique solution of Eq.CTT]), it follows that g{X t, \Y t '\ Z 1 /) is 
locally square integrable with values on Cfj g (L 2 (R d ; R 1 )). Therefore by (|1.6p 
and for a.e. 2 e R rf 



J S 

° [ T+r g(X^ r X'-r^^B u 

J s+r 



T+? 
s+r 



T+r 
s+r 

.g(X<+^, r o yj*, r o Z^_ r )SB u . (3.3) 



Now applying the operator 8 r on both sides of Eq. (|3.ip and by (|3.3p , we know 
that # r o Y*' x satisfies the following equation 

- iJT <?(^ +r '*, K o y^ r , <? r o z^ r )SB u 
-£ + r r e r oz^ r dw u 

limr-ao e~ A '( T+r )(i o y^' x ) = a.s. 
On the other hand, from Eq. (|3.1[) it is obvious that 
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v t+r,x _ v t+r,x , rT+r f(Y t+r,x -yt+r.x yt+r,x\j,. 
Y s+r — Y T+r + Js+r A A « > Y u ' i Z jj J« u 



(3.5) 



lim^oc e-^+^XT = a.s. 



Let Y.'' = r o Y[_ r r '', Z 1 / — 9 r o Z._£''. By the uniqueness of the solution of 
Eq.CLH) in the space S 2 f| M 2 '- K ([0, oo); L^(R rf ; R 1 )) (8) M 2 ^ K ([0, oo); L 2 
(R d ;R d )), it follows from comparing (pTlj) with (|3~5)) that for any r > and 
£ > 0, in the space L 2 p (R d ; R 1 ) L 2 (R d ; R d ) 

§ r o r s *'- = Y^r' = Y^'\ § r o Z\f = Z\X r r = ZtXr' for all s > * a.s. 

Then by the perfection procedure (pQ, [5]), we can prove above identities are 
true for all s > t, r > 0, but fixed t > a.s. In particular, for any t > 0, in 
the space L 2 {R d ; R 1 ) (g) L 2 (R d ; R d ) 



9 r o F/'' = Y£r for all r > a.s. (3.6) 

From the assumptions, we also know that u(t, •) = Y t '' is the continuous weak 
solution of Eq. (jl.3p . So we get from (|3 . 6[) that for any t > 0, in the space 

8 r o u(£, ■) = u(t + r, •) for all r > a.s. 

Until now, we know "crude" stationary property for u(t, •), but due to the 
continuity of u(i, •) w.r.t. i we can obtain an indistinguishable version of u(t, •), 
still denoted by u(t, •), s.t. 

6>,. o u(t, ■) = u(t + r, ■) for all t, r > a.s. 

So we proved that u(t, •) is a "perfect" stationary weak solution of Eq. (|1.3p . 

By DefinitionO it follows that g(-, u(s, •), (cr* Vu)(s, •)) G C 2 Uo Rl )) 
should be locally square integrable. Now we consider Eq. (|l.l[> with cylindrical 
Brownian motion B on Uq. For arbitrary T' > 0, let Y be the solution of 
Eq. (jl.7p and u(t, •) = Y t '' be the stationary solution of Eq. (|1.3p with B cho- 
sen as the time reversal of B from time T', i.e. B s — Bt'- s — Bt> for s > 0. 
Doing the integral transformation in the integration form (|1.4p of Eq. (|1.3p . it 
is easy to see that vt(x) = u(T" — t, x) satisfies 

In fact, we can prove a claim that Vt{-)(u>) = Y^/Zt'' {&) does not depend 
on the choice of T' . For this, we only need to show that for any T'* > T', 
Y^',Z*''{ui) = F^7j/''(w*) when < t < T', where 6j(s) = B T >- S - B T , 
and oj*(s) = Bt>*- s — Br'*- Let 6>. and 6>* be the shifts of &(•) and £>*(•) 
respectively. Since by (|3.6p . we have 
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y£r/'-(aO = e T ,- t Y^{Q>) = Y°>\e T ,- t (b), 
Yf,:^{o*) = e* T ,._ t Y °'-(u,*) = itf'-$v._ t <n 

So we only need to assert that 6T'-t& = 9^ r ,,_ t L0*. Indeed we have for any 
s > 0, 

(0 r <_ t £)O) = w(T' - 1 + s) - 6j{T' - t) 

= {Bt> ~(T' -t+s) - Bt>) - (-BT'-(T'-t) - B T >) 
= B t - S — B t . 

Note that the right hand side of the above formula does not depend on T", 
therefore 0T>-tti{s) = 9^,,_ t uj*(s) = B t - S - B t . 

On the probability space (il, J? ', P), we define 8 t = (0t) _1 , t > 0. Actually 
B is a two-sided Brownian motion, so (dt)^ 1 — @-t is well defined (see p]). It 
is easy to see that 9t is a shift w.r.t. B satisfying 

(i) P-{6 t )^=P; 

(ii) do = I; 

(iii) 9 s a6 t = 9 s+t ; 

(iv) 9 t oB s = B s+t -B t . 

Since v t (-)(uj) = u(T' — t, -)(u>) = Y^iZl ''(&) a.s., so 

6 r v t (-)(u) = 9- r u{T' - t, •)(£) = 9- r 9 r u{T' -t-r, •)(&) 
= u(T' -t-r, •)(&) = vt+r(-)(u)) t 

for all r > and T' > t+r a.s. In particular, let Y(-)(ui) = v (-)(ui) — Y^, ''(&)■ 
Then the above formula implies: 

6 t Y(u) = Y(9 t uj) = v t (uj) = v(t, v (w), lu) = v(t, Y(u), u>) for allt > a.s. 

That is to say Vt(-)(oj) = vo(-)(9 t ui) = Y(-)(9 t uj) — Y^,^''(uj) is a stationary 
solution of Eq. ljl.ip w.r.t. 9. o 



3.2 The solution of infinite horizon BDSDE 

We now consider the following infinite horizon BDSDE with infinite dimen- 
sional noise, which has a more general form than BDSDE (|I .71) : 



e — Ks-vt,x 



poo i>oo 

Y*< x = e~ Kr f(r,X t r x ,Y r t ^,Z t r x )dr+ K&- Kr Y^ x dr (3.7) 

J S J S 

poo poo 

- e- Kr g(r,X*? x ,Yf> x ,Zp x )d!Br- e~ Kr (Z^ ,dW r ). 

J S J S 
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Here / : [0, oo) x R d x R 1 x R d — ► E 1 , g : [0, oo) x R d x R 1 x R d — ► ^(M 1 ). 
Eq. (|3.7[) is equivalent to 



e ~Ksyt, x = e~ Kr f{r,X t r > x ,Y r t ' X ,Z t r ' X )dr+ Ke- Kr Y* x dr 



We assume 

(H.8). Change "^ [0)T ]" to "^ R+ " and "r G [0,T]" to "r > 0" in (H.2). 
(H.9). Change "J T " to B /o° c e- Jrr " in (H.3). 
(H.10). Change "r G [0,T]" to "r > 0" in (H.4). 

(H.ll). Change > £ K 1 " to "/i > with 2/i - if - 2(7 - ££L X Cj > 0", 
"r G [0,T]" to "r > 0" and "< /i J nd U{x)\Y 1 {x) -Y 2 {x)\ 2 p- x {x)dx" to 
"< -P / K d U(x)\Y!(x) - Y 2 (x)\ 2 p- 1 (x)dx v in (H.5). 

(H.12). Change "r G [0,T]" to "r > 0" in (H.6). 

Then we have the existence and uniqueness theorem for the general form 
BDSDE (1X71) : 

Theorem 3.1 Under Conditions (H. 7) -(H.12), Eg. {3. 7\ ) has a unique solu- 



Proof. Here we only prove the existence of solution as the uniqueness is similar 
to the procedure in the uniqueness proof of Theorem 5.1 in |25j although we 
need the technique as in the uniqueness proof of Theorem 12.41 to deal with 
the non-Lipschitz term. For each n e N, we define a sequence of BDSDEs by 
setting h = and T = n in Eq. (f2~T]) : 



Y t,x,n = / f^x^^'^^p^dr- g(r,X\: x X' x ' n ^v X,n )^B r 



It is easy to verify that BDSDE (|3.8[) satisfies conditions of Theorem 12.21 



Therefore, for each n, there exists (Y t, ' ,n , Z f ''' n ) G S 2 ' -ir ([0, n];L 2 p {R d ; R 1 )) (g) 
M 2 '- K {[0, n];L 2 p (R d ; R d )) and (Y*> x ' n , Z\< x > n ) is the unique solution of Eq.fO- 
That is to say, for an arbitrary ip G C^R^R 1 ), (Y*< x > n , Z l s x - n ) satisfies 




tion. 




(3.8) 
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Ke- Kr Y*' x ' n tp(x)dxdr 



3 = 1 ■ 



-,-Kr ryt 



C 



Z?* tn <p{x)dx,dW r ) P-a.s. (3.9) 



Let (y», Z?) t>n = (0, 0), then (K*'' ,n , Zf- 1 '") G S 2 -* f| M 2 ."*([0, oo); L 2 (IR d ; 
R 1 )) M 2 ~ K ([0, oo);L 2 p (R d ; R d )). Using a similar argument as in the proof 
of Theorem 5.1 in [25], we can prove that (Yg' x ' n , Zl' x ' n ) is a Cauchy sequence. 
Take (F s *> x , Z l f) as the limit of (Yf' x,n , Z^ x ' n ) in the space S 2 '~ K f| M 2 >" K 
([0, oo); L 2 p (R d ; R 1 )) (g) M 2 ([0, oo); L 2 (R d ; R d )) and we will show that (Y*' x , Z f s ' x ) 
is the solution of Eq. (|3.7p . We only need to verify that for arbitrary ip G 
^•R 1 ), (Yf> x ,Z*> x ) satisfies 



- Ks Y*' x y{x)dx = I / e- Kr f{r,X t r ' x ,Y r t ^ x ,Z t r ' x )(p(x)dxdr 

s JR d 

- f f Ke- Kr Y^ x ip{x)dxdr 

Js JR d 
00 poo /> 

Js JR d 

(/ e- Kr Zl> x y(x)dx,dW r ) P - a.s. (3.10) 



Noting that (l?'*'", Zj'*'*) satisfies Eq.([3j}, we can prove that (Y*' x , Z\' x ) 
satisfies Eq. (|3.10[) by verifying that along a subsequence Eq. ()3.9|) converges to 
Eq. (l3.10p in L 2 (Q) term by term as n — ► oo. Here we only show that along 
a subsequence 

E[ \ P [ e- Kr f(r,Xt>*,Y?*> n ,Z t r >*' n )<p(x)dxdr 
Js Jm d 

r 

/ e- Kr f(r,Xp*,Y?> x ,Z£*)(p(x)dxdr\ 2 ] ^Oasn — > oo. 
For this, note 

E[\ I [ e- Kr f{r,Xl> x X' x,n ,Z t r X,n )<P{x)dxdr 

<2E[\ [ I e- Kr (f(r,X t r ' x ,Y*' x ' n ,Z t r ' x ' n ) 
Js Jm. d 

-](rXr X X-\^ x ))^[x)dxdr\ 2 \ 
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+2E[\ r [ e- Kr f{r,X t r >*X>*,Z t r '*)<p(x)dxdr\ 2 ] 

Jn JR d 

<C P E[[°° [ e~ KT \f frX** 

J s JM d 

-f(r, X}*, Z t r ' x )\ 2 p- 1 {x)dxdr] 
+C p E[ f l [ c- Kr \f(r, X**, Z?) 

-f(r,X t *X>*,Z t *)\*p- 1 (x)dxdr] 
+C P E[ / e- Kr \f(r, X^, Y^ x , Z^)\ 2 p-\x)dxdr\ 

Jn JR d 

<C p E[f f e- Kr \Z$>*> n -Z$> x \ i p- 1 (x)dxdr] 

Js JR d 

+C P E[ [°° [ e~ Kr (l + \Y*< X \ 2 + \Zp x \ 2 )p- 1 {x)dxdr] 
Jn Jm. d 

+C P E[[°° f e-^lf^X^X'^K'l 
Js Jm. d 

-j{T,X^X-\Z^)\ 2 p-\x)dxdv\. 
Similar to (|2.18p . we only need to prove that along a subsequence 

E[f I e- Kr \f{r,X^ x ,Y^' x ' n ,Z t r ^ x ) (3.11) 
J s Jm d 

-f(r,X t r ' x ,Y*' x ,Z t r ' x )\ 2 p- 1 (x)dxdr] — * as n — > oo. 

Since {Y*' x ' n }%L 1 is a Cauchy sequence in the space M 2 '~ K {[Q, oo);L 2 (R d ; R 1 )) 
with the limit Y*' x , as n — > 0, we have 

E[f I e- Kr \Y}' x > n -Y}' x \ 2 p- l {x)dxdr] — ► 0. (3.12) 

JO JK d 

Then from (I3.12p we can find a subsequence of {Y*' x ' n }^ =1 still denoted 
by {Y^' 71 }^ s.t. F r *' x '" — > Y*' x for a.e. r > 0, x G R d , a.s. w and 
E[J^° J Rd e~ Kr sup„ \Yr' x ' n \ 2 p~ 1 (x)dxdr] < oo. Therefore, for this subse- 
quence {Y*> x > n }'%L 1 , by Condition (H.10), we have 

E[[°° f e- Kr s a j>\f(r,X t r >*X* n ,Z t r >*) 

JO JR d n 

-f^X^X'^K-nfp-'Wdxdr] 

< C P E[ r f e~ Kr {l + sup\Y r Ux ' n \ 2 + \Y*' X \ 2 + \Z t r ' x \ 2 )p- 1 {x)dxdr] 

Jo Jm d n 

< oo. 

Then (|3 . 1 1 [) follows from applying Lebesgue's dominated convergence theorem 
and Condition (H.12). That is to say (Y*> x , Z*' x ) s>0 satisfies Eq. tpTTU)) . The 
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proof of Theorem 13. II is completed. 



o 



By a similar method as in the proof of the existence part in case (i) in 
Theorem 5.1 in [25j . we have the following estimation: 

Proposition 3.2 Let (Y*' x ' n ,Z^ x ' n ) be the solution of Eg. iTOj) . then under 
the conditions of Theorem \3.1{ 



3.3 Proofs of Theorem ITT81 and Theorem fOl 

All the proofs until now in this paper have shown us how to deal with the 
non-Lipschitz term. Indeed the proofs of Theorem 11.81 and Theorem 11.91 are 
rather similar to the proofs in Section 6 in [25j even under the non-Lipschitz 
conditions. So we only intend to give the proof briefly. 

Proof of Theorem I 1.8\ Since the conditions here are stronger than those 
in Theorem 13. 11 so there exists a unique solution (Y* ,x , £?*' x ) to Eq. (|1.7|) . We 
only need to prove -E[sup s>0 J Rd e~ pKs \Y*' x \ p p~ 1 (x)dx] < oo. Let ipN, P (x) = 
x% I{o< x <N} + N s ^~(^x — p -j^N)Ir x>N \. We apply the generalized Ito's for- 
mula to e^ p r ipN, P (ipM(Y*' x )) for a.e. x € M. d to have 



+ / e-v K ^ N ^ M {Y!n)l { - M <Y^<M } E MK' X , Y}> x ,Z* r > x )\*dr 

Js 3 = 1 

1 pT oo 
+ 75 / e-^V^^M^'^JI^M^'^l'Elft^r^^^,^)! 2 ^ 





< e- pKT VN , p ^ M {Y^ x )) 
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oo -t 

J2 / e- vKr V N ^M{Y?' x ))^M{y> x )9AK' X , 

(e-^WNA^MiY^^MiYr'nZ'r^dWr). (3.13) 

From the above estimation, using ]iiaT^oo&~ pKTl PN,p(' t l ) M(Y T ,x )) = and 
taking the limit as M — > oo first, then the limit as N — > oo, by the monotone 
convergence theorem, we have 

E[f f e- pKr \Y^ x fp- 1 {x)dxdr] 

Js JR d 

+E[ / e-P Kr \Y r t ' x r 2 \Z t r x \ 2 p- 1 {x)dxdr] 

Js JR d 

~ oo 

<C P + C P y2\g j {x,0,0)\ p p- 1 {x)dx] < oo. (3.14) 

4 3 = 1 

Also by the B-D-G inequality, the Cauchy- Schwartz inequality and the Young 
inequality, we can obtain another estimation from (|3.13[) : 

£[sup / e- pKs \Y s t ' x \ p p- 1 (x)dx] 

s>0 JRd 

<C p f \f(x,0,0)\Pp' 1 (x)dx + C p [ f]\g 3 (x,0,0)\Pp- 1 (x)dx 

+C P E[ / e- pKr \Y*' x \ p - 2 \Z t r ' x \ 2 p-\x)dxdr] 
Jo Jm d 

+C p E[f f e- pKr \Y*' x fp- 1 (x)dxdr}. 
Jo Jm d 

So by l|3.14p . Theorem 11.81 is proved. o 



Now we turn to the proof of Theorem 11.91 

Proof of Theorem \1.9\ First note that we also can prove Lemma 6.2 in [25] 
under the conditions in this theorem, so we have 

£([sup / e- 2Ks \Y^'' x -Y^ x \ 2 p- 1 (x)dx})^ 
s>o Jm d 

<C p E[sup [ e- pKr \Yf' x -Y*' x \ p p- 1 (x)dx]([ p- 1 (x)dx)^ 

s>0 Js. d il d 

< C p \t'-t\i. 

This is because we actually did not use the Lipschitz condition of / w.r.t. 
y and the monotone condition is enough. Noting p > 2, by the Kolmogorov 
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continuity theorem (see [2]), we have t — ► Y*' x is a.s. continuous for t G 
[0,T] under the norm (sup s>0 J Rd e~ 2Ks \ ■ \ 2 p~ 1 (x)dx)i . Without losing any 
generality, assume that t' > t. Then we can see that 

lim( f c- 2Kt '\Y^ x - Y t t / x \ 2 p- 1 (x)dx) 1 ^ 

< lim(sup f e - 2Ks \Y*'< x -Y s t ' x \ 2 p- 1 (x)dx) 1 ^ = a.s. 

t '—* t s>0 JM d 

Notice e [0,T], so 

Iim(/ iF/^-y/^lV 1 ^)^)' =0 a.s. (3.15) 



Since K*'' 6 S 2 '~ K ([Q, oo); Lp(R d ; R 1 )), 5^'' is continuous w.r.t. i' in Lp(R d ; R 1 ). 
That is to say for each t, 




For arbitrary T > 0, < t < T, define u(t, •) = Y t '' , then u(t, •) is a.s. con- 
tinuous w.r.t. t in Z^QR^R 1 ). Since Y 1 ' e S 2 '~ K ([0, oo); L^(R d ; R 1 )), Fy' x 
is (g> £%Rd measurable and E[J Rd \Y^' X \ 2 p -1 (x)dx] < oo. It follows that 

Condition (H.l) is satisfied. Moreover, Conditions (A.1)-(A.6) are stronger 
than Conditions (H.2)-(H.7), so by Theorem 12. Hi u(t,x) is a weak solution 
of Eq. (|1.3p . Theorem 11.91 is proved. o 
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